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1. PERIODIC FUNCTIONS 
It was shown in [9] that, if a trigonometric series 
!p, + f  (a, cos nx + b, sin nx) (1.1) 
7k=l 
converges to f(x) for all x, then the series (1.1) is the Fourier series off, i.e., 
a, = (l/W) J-sB+znf(x) cos nx dx (?z = 0, 1, 2,...) 
and 
b, = (1 /n) [6ilrf(x) sin ax dx (n = 1, 2,...). 
Here integration is in the SCP sense, with a suitable basis B, and /3 is any point 
of B.l In this case, therefore, not only is f  SCP integrable, but so are the products 
f(x) cos nx and f(x) sin nx. However, generally very little is known about the 
SCP integrability of products. The only theorem dealing with this problem [4] 
imposes restrictions on both factors. Thus we do not know whether an arbitrary 
SCP integrable function has a Fourier series of the usual kind. But there is a 
natural way of associating with any such function a trigonometric series which 
serves as a very adequate substitute. 
Suppose that the function f  of period 2n is (SCP, B) integrable, and let 
a,p~B. Put 
u. : (l/m) JB’+2mj 
1 This theorem was first stated by J. C. Burkill [lo, Theorem 5.21. However, the proof 
was later seen to be incomplete, since it employed an integration by parts process for the 
SCP integral which has not, in fact, so far been justified. 
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and let the indefinite integral fi: B + R1 be defined by 
Then fi is D * integrable and fi(x) - &,z has period 27~. 
Now if f (x) cos 1zx and f ( x sin nx are (SCP, B) integrable and integration by ) 
parts is valid for these products, 
(l/n) L0’2n.f(~) cos nx dx = (n/n) /B’+2m {fi(x) - $z,+) sin nx dx (1.2) 
and 
(1 /n) i0’2ff f (x) sin nx dx = -(n/n-) fB”li {fi(x) - fa,x} cos nx dx (1.3) 
‘13 
for n = 1,2,... . But the right-hand sides of (1.2) and (1.3) are D* integrals 
which exist whether the left-hand sides exist or not; moreover they are inde- 
pendent of the particular choices of cz and j3; indeed ,B may be any real number. 
We can therefore define a, and b, , for n > 1, as the right-hand sides of (1.2) 
and (1.3), respectively. The numbers a, , b, will be called the surrogate (or Sp) 
Fourier coefficients off. It may be noted that the series (1.1) is the surrogate 
Fourier series of the SCP integrable function f if and only if the series 
,il, (-bn cos nx + a, sin nx)/n (1.4) 
is the ordinary Fourier series of an indefinite integral off - &z,, .
When the ordinary Fourier series of an SCP integrable function exists, it 
cannot generally be asserted that the Y Fourier series coincides with it. However 
Theorem A of [9], quoted at the beginning of this section, holds also for Y 
Fourier series. For the proof of Theorem 5.2 of [lo], apart from the last two 
lines (in which integration by parts occurs), amounts to showing that the sum 
function f of (1 .I) is SCP integrable and that an indefinite integral off - &a, 
has (1.4) as its ordinary Fourier series. Thus, when a function is the sum of an 
everywhere convergent trigonometric series, the two Fourier series are identical 
(and therefore integration by parts may be applied to the integrals defining the 
coefficients). In fact, there are more general results of this kind. For instance, 
if the a, and b, are bounded and the series (1.1) is everywhere summable (C, K), 
with K < 1, to f(x), then (1.1) is both the ordinary and the surrogate Fourier 
series off. (That (1.1) is the ordinary Fourier series off is a consequence of 
Theorem B of [9]; that it is the surrogate Fourier series is shown as part of the 
proof of this theorem.) 
The summability of surrogate Fourier series will later be considered in the 
wider setting of almost periodic functions. There it will be convenient to use the 
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exponential form of the Fourier series. When the SCP integrable functionf has 
period 27~, the exponential Sp Fourier coefficients are 
and 
cg = (l/24 J-06+2=f 
c, = (4274 j”+2” {fi(x) - c,,x} e-ins dx (n = fl, I-tL..), 
e 
where ,!I is any member of the basis off. 
2. FOURIER SERIES OF SCP ALMOST PERIODIC FUNCTIONS 
The types of almost periodic functions which we shall need were introduced 
in [5, 61, but it is convenient to begin by summarizing the relevant definitions 
and properties. In what follows all functions will be assumed to be defined almost 
everywhere on the real line, to be complex valued and to be integrable (at least) 
in the SCP sense.2 Given such a function f, we denote by fi an indefinite integral 
off (which may be undefined in a set of zero measure) and by f2 an indefinite 
integral of fi . Thus fi is certainly D* integrable and f2 is continuous. 
If the function f is Denjoy integrable over every bounded interval, jl f IID is 
defined as the supremum, for --co < x < co and 0 < h < 1, of 
and f is D almost periodic (D a.p.) if it belongs to the closure, in the sense of the 
D norm, of the set of trigonometric polynomials. 
Every D a.p. function f has a mean value M(f ), or Mz{f (x)}, defined as 
has the same value. For every real A, M,{f (x) e-iA5> also exists since f(x) ebiAz 
* We say that the function f  defined a.e. on R' is SCP integrable or, more precisely, 
(SCP, B) integrable if there is a subset B of R' such that mCR'\B) = 0 and. whenever 
bl , & E b (with fll < ,&), (SCP, B n [/I1 , BJ) @f exists. . ’ ’ ’ 
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is D a.p. Moreover IlI*{f(x) e+“} is nonzero for a countable set A = {A1 , A, ,...> 
of real As only, and, if c,, = AZz{f(x) e-iArLr) (AM E A), then 
is called the Fourier series off. 
Whenf is CP integrable, [lf/lcP is defmed to be the supremum for --CO <y <CO, 
O,<h,K<lof 
/ ~,‘ladrJ’L~lif I. (2.2) 
This norm is employed to define CP almost periodicity in the usual manner. 
A CP a.p. functionf has a second order mean 
and a Fourier series of the form (2.1) in which the coefficients are means of the 
form M2,Jf(3z) e-(Aa2>. 
It is clear that, when h is any real number, the function g given by g(x) = 
h(x) - fi(x + h) is D a+; and it is shown in [6, Lemma 8.11 that, for every 
real h, 
(I - eiAh) M2,3E{f (x) e+“} = ihlll,{[f,(x) - fi(x + h)] edi”“}. (2.3) 
In the case of SCP integrable functions the norm 11 . llscp is again given by 
the supremum of ‘(2.2). For a given h, the inner integral is defined only for almost 
all X, but the outer integral exists for all y and K. The definition of SCP almost 
periodicity then takes the natural form. Every SCP a.p. function has a second 
order mean 
where OL belongs to the basis off, and it is evident that the limit on the right 
has the same value for all admissible 0~. On the other hand, we cannot be sure 
that f(x) eciAz is SCP integrable, and therefore Fourier coefficients cannot M 
defined as for CP a.p. functions. But, when f  is SCP a.p., the right-hand side of 
(2.3) exists for all h and h, since fi(x) - fi(x + h) is again D a.p. We shall 
therefore define the mean off(x) ediA” (A # 0) to be 
iAM,{ [fi(x) - fi(x + h)] eciA+}/( 1 - eiAh). (2.4) 
Such a definition is reasonable only if (2.4) has the same value for all h # 2nrr/;l 
(n = 0, &l , +2 ,... ). We now set out to show this. 
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Until the end of the proof of Theorem 2.3, f will be taken to be a fixed SCP 
a.p. function; and we put 
IA(h) = ~%WX4 - f& + 41 e-“A21. 
LEMMA 2.1. For r = 0, *I, A2 ,..., 
(1 - eiATh) Jh(h) = (1 - ei”“) Jn(rh). (2.5) 
Proof. Both sides of (2.5) are clearly 0 when M = 2n?r (n = 0, fl, f2,...), 
or r = 0. Assume now that h # 0, h # 2nrlX, and T > 0. 
When u is any real number, 
$ jox [fib + uh) -fdx +(u + 1) h)] t+” dx 
1 
=-I 
Xiuh 
x uh 
[fi(t) -fi(t + h)] e-iA(t-uA) dt 
= eiAuA x + ldh --,---~(~-j~)[fi(t)-f~(t+h)le-(*’dt 
(2.6) 
as-X + co. Hence 
z Mz{[fl(x + 4 - fdx + (s + I) 41 e-iA;F) = (z eiAsA) ~,dh), 
i.e., 
J,(rh) = ((1 - eiArh)/(l - eiAA)) J,(h). 
This proves (2.5) for nonnegative values of Y. To complete the proof we note 
that u = -1 in (2.6) gives 
JA( -h) = -e@“J,(h). 
LEMMA 2.2. When h # 0, JA is continuous on RI. 
Proof. Let h and S be any real numbers. By an argument analogous to that 
used to prove (2.6), we have 
JA(h + 6) - IA(h) = WGfdx f  4 - fdx + h + @I ediAr) 
= eiAAA&..[fl(fi(x) - fl(x + S)] euiA2) 
= eiAA JA(S). 
To establish the continuity of JA it is therefore sufficient to prove that J,,(S) + 0 
as S -+ 0. 
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Take K # 2n4h (n = 0, fl, 12 ,... ). Then 
Mz{[fi(x + k) -fi(x + R + S)] e+*} =-= eiAkJ,@) 
and so 
JGw&4 - fib + 6) - fl(x + 4 + fib + k + Yl @? 
= (1 - ei”“) J*(S). (2.7) 
Let E > 0. By [6, Theorem 3.2, corollary] (which also holds for SCP a.p. 
functions), there exists 17 > 0 such that, for all x and 1 6 1 < 7, 
I f&9 - fi(X + 6) - fib + 4 - f‘& + h + 4 < e* 
If now / S 1 < 7, then 
= (1 /Xl Kf&) -fib + 8) - fi(X + 4 + f& + k + 8 e?l;: 
+ @h/X) jox if&> -fib + 6) - f& + k) + f& + h + W ++a C/X 1 
G (24X) + I A I E. 
Hence, by (2.7), 
I JN < (I A !/I 1 - eiAk 1)~ 
when / 6 I < 7; i.e., J&3) + 0 as 6 - 0. 
THEOREM 2.3. When h # 0, 
C,(h) = ihJ,(h)/(l - ei”“) 
has the same value for all h # 2nrlh (n = 0, fl, *2,...). 
Proof. Let R be an irrational multiple of 27r/h. If p, q are nonzero integers, 
we have, by Lemma 2.1, 
i.e., C,( pk/q) = C,(k). Thus CA is constant on the set K of all rational multiplies 
of K. Since K is dense in the set 
A = fi (2nx/& 2(n + 1) V/A) 
12=-m 
and C,, is continuous on A (by Lemma 2.2), it follows that CA is constant in A. 
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When the function f is SCP a.p., there is no question about the existence of 
M,(f), i.e., of M,;,(f (x) e-i13 for h = 0. N evertheless it is worth noting that 
M,(f) can be expressed in terms of J,, . Indeed, we have the following more 
general result in which the SCP almost periodicity off is not postulated. 
THEOREM 2.4. I f  the fmctionfis SCP integrde and if Mz{fl(x f h) - fi(x)} 
(h f  0) exists, then M,(f) exists and 
w?(f) = (UN wdfl(X t- 4 -f&4> = -(W) JOW3 
Proof. We may clearly assume that h > 0. Put 
K{fi(~ -i- h) - fl(Wh = c, 
so that 
i.e. 
(l/x) 1% {fi(t + h) -fdt)> dt = hc + o(l) as .I?-+ cc, 
0 
or 
fib -t 4 - f2(4 - f,(h) + f&v = x[hc + o( 1 )I 9 
f&4 - f& - 4 = +c + o(l )I. 
Now take 71 E [0, h) and let E > 0. Then there exists no such that, for n > n, , 
f&l + nh) -f?.(7 + (n - 114 = Whc + 4, 
where 1 01~ 1 < E. Hence, when rz > no , 
f2(7 t ah) -h(7 + @) = p&n + 1) - ~@,(no -t I)] @c + 4, 
where j 011 < E; and, when it > n, , say, 
2 
-7f2(7 + n4 == n(n + 1) h + ; 1) A.2 fd7 + no4 + (1 - B) (c + +) ? 
where [ ,4 j < E. It follows that, as n -+ co, 
(z/(7 + nh)2)f,(7 + nh) =: C + O(l). 
Moreover it is easily checked that the error term tends to 0 uniformly for 
7 E [0, h). Therefore 
2f2(lr>/xZ + c as x--+00, 
i.e., M2( f) exists and is equal to c. 
3 - l/h is the limit of ih/(l - euh) as h + 0. 
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Let f be an SCP a.p. function. For X # 0, denote the common value of C,+(h) 
(h # 2n?r/h) by C(h). When f (x) e-ihz is (SCP, B) integrable and, for all (Y, /I E B, 
st f (x) e-iA5 dx can be evaluated by integration by parts, M,,,{f (x) eeiAz} exists 
and is equal to C(h) ( since, under these circumstances, Lemma 8.1 of [6], i.e., 
the identity (2.3), is applicable). We also put A&(f) = C(0) (= -J,(h)/h if 
h # 0). 
For a fixed h i: 0, fi(x + h) -f&) is D a-p. and therefore the mean J*(h) 
is nonzero in only a countable set of As. It follows that C(A) is nonzero in this set 
and in a subset (possibly empty) of {2n77/h: n = 0, +l, &2,...3. Thus the set A 
of all real h for which C(h) # 0 is countable. If A = {A,, A, ,...}, we call the A, 
and the numbers c, = C(h,) the surrogate (or 9) Fourier exponents and 
coefficients off, respectively, and 
is the surrogate Fourier series off. 
It is proved as in [6, Theorem 8.41 that, if two SCP a.p. functions have the 
same Y Fourier series, then the functions are equal almost everywhere. 
Since a periodic SCP integrable function is SCP a.p., the surrogate Fourier 
series of such a function f  has now been defined in two different ways. We 
therefore check that the two series are identical. Suppose that f  has period 2s 
and that the Y Fourier series, as defined at the end of Section 1, is 
t cneins. 
-cc 
Then 
co = (l/279 fpe+zr f  
(where /? belongs to the basis off) and clearly 
C(0) = M,(f > = M(f) = co * 
Now fl(x) - C,,X has period 27r and therefore, for n = fl, *2,..., 
C, = (in/2~) Jb” {fi(x) - cox} eeins dx = inM,{[f,(x) - C,,JC] e--inz}. 
Since also 
c, = inMs{[fi(x + h) - co(x + h)] e-ino} e-inh, 
we have 
(1 - einh) c,, = idI,{[f,(x) -f& + h) + c&l e--inzl = ifil,(h), 
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so that C(n) = c, . Finally, when h is not an integer, 
3. SUMMABILITY OF THE SURROGATE FOURIER SERIES 
Given the SCP a.p. functionf, denote the moduli of its nonzero Y Fourier 
exponents by h, , h, ,... . We then write the 9 Fourier series off as 
co + 1 (c,eiAnz + c-nepiAn’) . 
92 
This is a slight departure from our earlier practice, since now some of the 
coefficients c, , c-, may be 0 (but, for a fixed n > 1, at least one of c, , c-, is 
not 0). When the set of exponents has no finite limit point, the sequence (h, , X, ,...) 
may be taken to be increasing; unless f is a trigonometric polynomial, h, then 
tends to co. 
It was shown in [7, Section 71 that, if the function f is CP a.p. and there exists 
a quadratic polynomial p such that fi - p is bounded, then fi - p is u.a.p. and 
fi - p’ is D a.p. . Apart from its constant term the polynomial p is, of course, 
unique; in fact, if we take p(0) = 0, then 
PC4 = SW2 + 4% 
where c, = M,,,{f (x)} and d,, = Ms.fi(x) - CG}. Since these results are proved 
without recourse to the integration of products, they also hold for SCP a.p. 
functions. 
The Fourier series of f2 - p is obtained from the Y Fourier series of f  by 
formal integration. For let h # 0. If h # 2n4, 
= & ~zWX4 - w9 - (f& + 4 - c& + Ql @“I 
= iAMz([fl(x) - cOx - d,l e-ihs} 
= -X2Mz([j2(x) - p(x)] e4”“]. (3.1) 
LEMMA 3.1. Suppose that the SCP a.p. function F has the 9’ Fourier series 
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whereQ <h, <h, < *..andtheset{/\,,h 2 ,...} has no finite limit point; and that 
there exists a quadratic polynomial P such that F, - P is bounded. Assume also 
that the twice dajjferentiable function G is such that G(t), G’(t) -+ 0 as / t I ---+ cu 
and G” EL(--CO, co); put 
D+, z== g(t) eTiAnt dt (n == 1, 2,...). 
Then, for any real number k 3 1, 
,-& (1 - GWW (&D-n + LA,) + srn (F, - P) G” as Q-t 00. n -co 
Proof. The Fourier series 
of the u.a.p. function F, - P is uniformly summable (R, h, , k), for k > 1, 
to F, - P, i.e., 
Sa(t) = C + A)-Q (1 - g)” c- 3 eiAnf - 3 ediAn”) -+F,(t) - P(t) 
n 
as Q -+ co, uniformly for -co < t < 03.~ Since sTW 1 G” 1 < 00, it follows that 
Thus 
I 
m s,Gqm (F,--PP)G” as Sz-tco. 
--m --m 
Irn cc(t) dt + A7Q (1 - -$-,” !“I (- $ eiAnt _ 3 e-i”,“) G”(t) dt 
-cc ” -cc 
as 52 -+ co. But J‘_“, G” = 0 and, from two integrations by parts, the nth 
integral in the sum is 
[” (CneiAnt + CmneeiAnt) G(t) dt = C,D-, + C-,D, . 
This proves the lemma. 
As usual, we define the function yW1 (k > 0) by 
ykfl(t) = l1 (1 - u)” cos tu du. 
4 This is proved in [l, p. 4381 with the stronger hypothesis that F2 is regular, but the 
result holds under the present assumptions about the sequence (A,). 
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Its preeminent property is that 
s 10 -m yKfl(t) eiAt dt = x(1 - / X 1)” forih/ <l, 
= 0 for \ h 1 > 1. (3.2) 
For n = 0, l,..., [k + I], rL$(t) exists and 
#,(t) = O(lltn+l+* 1 as (t/+co, I where q = min(1, k - a). (3.3) 
Also, when n < k + 1, 
r = P&\(t) dt = 0 for m = 0, l,..., n - 1, a-z 
= (-1)” n!7r for m = n. (3.4) 
Proofs of (3.2) and (3.3) can be obtained from [ll, pp. 564-5671; (3.4) is 
proved by integration by parts. 
THEOREM 3.2. Suppose that the SCP a.p. function f  has the Sp Fourier series 
co + C (c,eiAnt + c_ne-‘Amt), 
n 
where 0 < A, < A, < ... and the set {A, , X 2 ,...} has no jinite limit point; and that 
there exists a quadratic polynomial p such that fi -p is bounded. Then, when 
k > 2 and 
we have 
o,,‘~(x) = co + A& (1 - (h,/w))” (cneihno + cUne8n*), 
00, “(4 - s = h3/4 I,m da(t) rX4 4 (3.5) 
where 4(t) = f  (x + t) + f  (x - t) - 2s. 
Proof. Put $(t) = f  (x + t) + f  (x - t), and P(t) = p(x + t) + p(x - t) = 
cota + bt + a, say. Then + is SCP a.p., #r - P’ is D a.p. and $a - P is u.a.p. 
To obtain the 9 Fourier series of I+G we use (3.1). We have 
ihM,{[$,(t) - P’(t)] e-iA”} 
= ihM,{[f,(x + t) - cO(x + t)] e--tht) - ihM,{v,(x - t) - cO(x - t)]e-iAt} 
= ihM,{[f,(t) - cot] e-ut} eiAz - iAM,{[f,(t) - cot] eiA”> e--iAs.5 
5 To derive the last expression it is necessary to take means over (- a, co). 
409/57/3-8 
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Thus the nonzero Y 
and if C, , C-, are 
respectively, 
‘Fourier exponents of 9 must belong to the set (&:X1, &~a,...); 
the Y Fourier coefficients corresponding to h,, and -& , 
C, = c,e i&,x 4 C-,e-i&,r = c-, . 
Lemma 3.1 with F = 4 and G(t) = (U/T) ~~+r(~t) now shows that, as Q + co, 
& (1 - -$)” tc,D-, + ~-nD,) - jm (#z(t) - P(t)) w” y;&t) dt. (3.6) -02 i7 
But 
D, = De, = (1 - &/w))~ for ;1, < W, 
= 0 for An 3 w 
and so, when Q > W, the left-hand side of (3.6) is 
2 dsu (1 - (hJl2))’ (1 - (&/oJ))~ (cneiAn” $ c-ne--ih+@). 
As this sum is finite, (3.6) is synonymous with 
Now 
and 
I5 y;+l(wt) dt = jm tr;+l(wt) dt = 0 
m -co 
r a tzy;+&ot) dt = 27r/w3. ---73 
Since also # and yB+r are even, (3.5) and (3.7) are equivalent. 
LEMMA 3.3. If k > 2 and f satisjies the same conditions as in Theorem 3.2, 
then, for every 6 > 0, 
where 4 = min( 1, k - 2). 
Proof. Since&(t) = O(tZ) and $+r(t) = O(llts+g), there exists a constant K 
such that, for all sufficiently large w, 
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Theorem 3.2 and the last lemma show that the question of the summability 
of an Y Fourier series at a point is governed only by the local behavior of the 
generating function. It will be seen that, as in the classical periodic case, the 
existence of a Cesaro limit at x ensures the summability of the 9 Fourier 
series at x. 
Let OL > 0. If the function g is Lebesgue integrable, we say that g(x) -+ Z(C, E) 
as x + 0 if 
4 S’ (1 - (t/x))*-lg(t) dt - I as x -+ 0. 
0 
(3.8) 
For 01 = 1, 2, 3 ,..., the condition is equivalent to 
(a!/x*)gJx) 3 I as x -+ 0, (3.9) 
where 
When g is D integrable, 01 must be at least 1 if the existence of the integral 
in (3.8) is to be guaranteed. 
Now let g be an SCP integrable function whose basis contains the point 0. 
The condition (3.9) is applicable for integral values of ar; but in (3.8) the un- 
certainty about the existence of the integral has to be circumvented in the usual 
way. If (Y >, 2, (3.8) is replaced by the condition 
,laxT ‘) [ 11 - +)(L-‘gr(t) dt+ I as x--r-O, (3.10) 
which reduces to (3.8) when integration by parts is valid and to (3.9) for 01 = 
2, 3,... . Accordingly we say that g(x) -+ 1 (YC, a) as x -+ 0 if (3.10) is satisfied. 
Since the function g, in (3.10) is D integrable, we shall be able to lean heavily 
on the work of Bosanquet [2,3], who investigated the summability of (periodic) 
Denjoy Fourier series. First we see that the scale of (YC, a) convergence is 
consistent. For suppose that 2 < 01 < a’. If (3.10) holds, i.e., if 
I x (1 - (t/x))+2 {gr(t) - zt: at = 0(X2) 0 
as x --+ 0, then it follows, as in [2, Theorem 7], that 
I x (1 - (t/x))“‘-2 {gl(t) - It} fit = o(9). 0 
Thus (YC, a) convergence implies (YC, 0~‘) convergence to the same value. 
(It is clear that (C, 1) convergence implies (YC, a) convergence for 01 > 2.) 
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LEMMA 3.4. Suppose thatg(x) -+ 0 (YC, a) us x - 0. Theng,+,(x) =-= 0(x”‘) 
us x + 0, where r = [a]. 
Proof. We have g(x) -+ 0 (.YC, r + I), and, for integral values of the index, 
(3.9) is equivalent to (3.10). 
LEMMA 3.5. Suppose thatg(x) -+ 0 (YC, a) us x + O+. If  0 < [ < 7 .< 25 
and 7 = [cd], then 
8r+1(7) - sr+1(5) = owl - E)r+1-a) as 5-o+. 
Proof. The function G given by 
is D integrable and, for x > 0, G&x), the fractional integral of order /3 (2 l), 
is defined by 
G,(x) = (l/r(p)) 1% (X - t)B-l G(t) dt. 
0 
Thus the left-hand side of (3.10) is 
U-b + l)lx”) G&) 
and the hypothesis that g(x) -+ 0 (YC, a) implies that 
G,-,(x) = 0(x”). (3.11) 
Now, by the consistency theorem for fractional Denjoy integrals [2, Theorem 21, 
gr-i-1(7) - gr+dC) 
= G-h) - G,(t) 
1 
= r(r + 1 - 8) 
(IO’ (7 - t)- G,-,(t) dt - /Of (6 - t)+-? G,-,(t) dtj; 
and the proof is completed, by use of (3.1 l), as in [3, Lemma 21. 
THEOREM 3.6. Let the SCP a.p. function f  sutisfy the same conditions us in 
Theorem 3.2, and suppose that, as t 4 0, f  (x + t) + f(x - t) - s (-VC, a), 
where OL > 2. Then, for every real number k > a, the 9 Fourier series off is 
(R, A, , k) summable at x to the value s. 
Proof. By Theorem 3.2 and Lemma 3.3, for any 6 > 0, 
%Jk(x) - s = (w%) s,” 4dt) d+dwt) dt + (WY@w)“) as W-+CG, (3.12) 
SCP INTEGRABLE FUNCTIONS 601 
where q = min(1, k - 2). Also, if Y = [a], repeated integration by parts leads to 
co3 o* c&(t) y;+l(wt) dt = w~c$~(S) yt:,(wS) - ..* + (-l)r+l w’+,(S) y&$(wS) 
s 
+ (-1)’ WV.+1 r ’ 4r(t> dk4 dt ‘0 
asw + co. 
= 0( 1 /a3wa) + (- 1)’ w++l l’ &(t) &(wt) dt (3.13) 
Now take E > 0. Assume also, as is clearly legitimate, that k < Y + 1. In 
this situation Bosanquet [3, Theorem I] has shown by use of Lemmas 3.4 and 
3.5 that, if 6 is small enough, then, for every w > l/S, 
j w’+l j-zm Cr(t> kk4 dt j c r; (3.14) 
and that, if w is sufficiently large, 
1 w’+’ [‘a c),.(t) &(wt) dt 1 < E. (3.15) 
It follows from (3.12)-(3.15) that, by first choosing 6 sufficiently small and 
then w sufficiently large, we can ensure that ) uWk(x) -s I < 5~. Thus 
oUk(x)+sasw-+ co. 
4. CONVERGENT TRIGONOMETRIC SERIES 
In this section we consider several versions of the coefficient problem for 
trigonometric series, the topic which provided the stimulus for the creation of 
the SCP integral. Our first result is analogous to (and generalizes) Theorem 2.4 
of [8]. Its proof is based on the lemma below, which is Theorem 4.2 in [lo]. 
LEMMA 4.1. Suppose that the function # is contimwus on [u, 61 and that f is 
SCP integrable over [u, b]. 
If f (x) is finite and 
for a < x < b, then 
(4.2) 
is linear in [a, b]. 
If there is an exceptiom2 countable set I? in which f is not finite OY (4.1) does not 
hold, then (4.2) is still linear provided that I,!I is smooth in E. 
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THEOREM 4.2. Let 0 < A, < A, < **a . I f  C,“=, l/h,2 < co and the series 
co + f  (c,eiA*Le + c-,e 
~ I A ,~ 2 
) (4.3) 
n=l 
converges to f(x) everywhere, where f  is Jinite and SCP integrable, then f  is SCP 
a.p. and (4.3) is its YFourier series. 
If there exists an integer k such that no interval of length 1 contains more than k 
of the As, then the conclusion still holds even when there is a countable set in which 
(4.3) does not converge. 
Proof. The usual proof of the Cantor-Lebesgue theorem (e.g., [13, p. 3161) 
is easily adapted to show that c, , c-, + 0 as n + co. Hence the series 
m C,eiAna: + C-,e-%9 
c 
?I=1 -X,2 
(4.4) 
converges uniformly, the sum function @ is u.a.p., and (4.4) is the Fourier 
series of @. 
Riemann’s summation method (%, A, ,2) is regular (since the standard proof 
for the (%, n, 2) method, as in [13, p. 3191, applies with only minor modifications). 
Consequently, as h -+ 0, 
@(x + 2h) - 2@(x) + @(x - 2h) 
4h2 
m 
-+ zl (cneiAnz + c-,e-ih*r) = f(x) - c0 
at a point of convergence of (4.3). Thus, at any such point, 
P@(x) = f(x) - cg = g(x), 
say. 
If no interval of length 1 contains more than k of the As, then @ is smooth, i.e., 
@(x + 2h) - 2@(x) + @(x - 2h) = o(h); 
for Riemann’s Second Theorem (proved, for instance, in [13, p. 3201) can now 
be generalized to yield the identity 
If /? is a member of the basis B off (and so of g) and if 
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it then follows from Lemma 4.1 that, in both cases, @ -g, is linear in every 
interval and therefore in (-CO, co). 
Since g is (SCP, B) integrable, g, is C-continuous in B, i.e., gs’(x) exists and 
equals gI(x) almost everywhere. In view of the linearity of @ -g, this means 
that D’(x) exists and is equal to gr(x) + A almost everywhere. Thus pb’ is the D 
integrable derivative of the u.a.p. function @ and is therefore D a.p. Hence g, 
is D a.p. and g, f are SCP a.p. 
For x E B,f,(x) = gr(x) + c,,x + d, say. Then 
(2/9)f&) = (2/x2){g,(x) + &ox2 + dx + d’) - co 
as x -+ co, since g, is D a.p. and therefore M(gr) = lim,,,g,(x)/x exists. Thus 
J42(f) = co* 
Next, take h # 0 and h # 2r?r/h (r = 0, -&l, &I2 ,... ). We then have 
~&IX4 - fl(x + WI e+Y = Wd&) - g& + h) - co4 @*aI 
= M,{gl(x) e-iAz} - eiAhM~{gl(x + h) e-a’A(z+h)} 
= (1 - ci”“) Mz{g,(x) I+=}. 
But (4.4) is the Fourier series of @ and therefore integration by parts shows that 
the Fourier series of g, is 
Hence 
C + f ((cneiA+ - c-,e-iA+)/iXn). 
?L=l 
= c, when x = A, (n = 1, 2,...), 
= c-, when h = 44, (?z = 1, 2,...), 
zzz 0 when x f -&I, (n = 1, 2,...). 
Thus (4.3) is the 9 Fourier series off. 
A slightly simplified version of a theorem of Titchmarsh [12] may be stated 
as follows. The series 
f unew 
VI=1 
converges in mean square on every bounded interval [0, a] if there exist numbers 
ty E (0, l] and K E (0, co) such that 
and 
I a, ia < WL+I - U (n = 1, 2,...) (4.5) 
j$l I a, /2--a < 00. (4.6) 
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The constants involved in the demonstration depend only on the A, and the 
/ a, 1 (n = 1,2,...). By considering the series 
f a,ew+d = jl (anew) e%‘* 
?l=l 
we therefore see that the mean convergence is uniform over the intervals 
[X, X + a] (-cc < X < CO); in other words, there is S2 convergence.6 It 
follows that the S2 sum of the series is S2 almost periodic. 
The condition (4.5) may be relaxed to 
I a, Ia G W,+k - LJ (n = 1, 2,...), (4.7) 
where k is an arbitrary, but fixed, positive integer. For suppose that (4.6) and 
(4.7) hold. We then have, for Y  = 1,2 ,..., K, 
and 
I amk+r F 6 wh?l+l)t+r - Lk+T) (m = 0, 1,2,.-) 
amk+r 1 2--u < 00. 
It then follows from Titchmarsh’s theorem that, for Y  = 1,2,..., K, the series 
is Ss convergent to an S2 a.p. function f,. . Thus 
S2 converges to the S2 a.p. function fi + fi + *** + fk . 
Finally we note that, if 0 < A, < A2 < *a*, the condition 
gl (I a, P + I a-, I23 < 00 
and (4.7) with a, replaced by ai, ensure that the series 
a, + 2 (a,ei”“” + a-,6”@) 
124 
is S2 convergent to an S2 a.p. function. 
G The sequence (f,,) of La integrable functions is S* convergent to f if 
sup-mcz<m Ji” / fn - f I2 --+ 0 as lz -+ a. 
(4.8) 
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THEOREM 4.3. Let 0 < A, < h, < **- and suppose that there exist a positive 
integer k and real numbers CX, 6 such that 0 < 01 < 1,s > 0, 
&%3+k - A,) > 6 (n = 1, 2,...) and 5 l/hi--” < co. 
n-1 
If, now, the series (4.3) converges to f (x) everywhere, then f is an SCP integrable 
function which is SCP a.p. and has (4.3) as its Y Fourier series. 
Proof. Since c, , c-, + 0 as n ---f 03 and 1 l/&s converges, the series 
il (cd++ + c-,emiA”“)/( -AZ) 
converges uniformly on R l. The sum function 05 is u.a.p. and, as was seen in 
the proof of Theorem 4.2, 
Iqx) = f(x) - co (4.9) 
for all X. 
The coefficients and exponents of the series 
f (cneiAnz - c-ne-ih~x)/iAn 
satisfy the conditions (4.7) and (4.8). Hence the series (4.10) is S2 convergent 
to an Ss a.p. function 4. In view of the mode of convergence, the series may be 
integrated term by term, i.e., for all a, b E RI, 
f  
n=1 
cnecAn” _+hc;ne-zA’5 ]  b = @(b) _ @(a)e 
n a 
Thus (4.9) is equivalent to the statement that 
SCD 4(x) = f  (x) - co 
for all x. Therefore, by [lo, Theorem 1.351, f  is SCP integrable with basis B, 
where B is the set of points of C-continuity of + Also, since $ is S2 a.p. (and 
therefore D a.p.), f  is SCP a.p. 
Another consequence of the S2 convergence of (4.10) is that the series is 
the Fourier series of +. The argument used in the proof of Theorem 4.2 then 
shows that (4.3) is the Y Fourier series off. 
In our final theorem we employ once more the more rigorous condition on 
the exponents h, that was introduced in the second part of Theorem 4.2. This 
enables us to work with ordinary rather than surrogate Fourier series. The result 
we obtain is analogous to (and contains) Theorem A of [9]. It was first stated 
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in a slightly weaker form as Theorem 11.1 in [6]; the proof, however, was 
invalid since it was based on integration by parts for the SCP integral. 
THEOREM 4.4. Let 0 < A, < A, < ... and suppose that there exists an integer 
k such that no interval of length 1 contains more than k As. If, now, the series (4.3) 
converges to f (x) everywhere, then there exists a subset B of R1 with m(Rl\B) = 0 
so that, for every real A, f(x) e-iAx is (SCP, B) integrable. Moreover f  is SCP a.p. 
and (4.3) is its (ordinary) Fourier series. 
Proof. Evidently h, > [n/k] and Xnfk - X, > 1 for all IZ. Hence the con- 
ditions of Theorem 4.3 are satisfied (with 0 < 01 < 1) and so f  is SCP a.p. A 
basis off is the set of points of C-continuity of the function + defined as the Ss 
limit of the series (4.10). 
This last series, which the Fourier series of the S” a.p. function 4, is almost 
everywhere summable (R, h, , 1) to 4(x) (by [l, p. 4381). As the terms of the 
series are o(l/h,J, (4.10) is, in fact, almost everywhere convergent to $(x). 
Now let x be a point at which (4.10) converges to 4(x). Then 
@(x + h) - @(x - h) 
2h 
as h -+ 0, by a generalized form of Fatou’s theorem.’ Also D2@ exists everywhere 
(as was seen in the proof of Theorem 4.2) and so @ is smooth at x, i.e., 
@(x + h) - 2@(x) + @(x - h) = o(h). 
It therefore follows that G’(x) exists and is equal to 4(x). Thus 9 is C-continuous 
at x. Hence the set B of points x for which (4.10) converges to 9(x) will serve as 
a basis off. 
Next we show that f  (x) e@” (X # 0) is also (SCP, B) integrable. 
We put X, = 0 and &-n = 4, (n = 1,2,...), so that an interval of length 1 
cannot contain more than 2k + 1 of the points h, (n = 0, &l, f2,...). 
When A is a finite set of integers, the notation C A 1 u,, will be taken to have 
the same meaning as CneA u, . 
Let h > 0. Then, for all X, 
N 
f(x) e@+’ = ,$z C cnei(‘neA)’ 
n--N 
= lili (c {n: - AN < A, < A, + 2X) 
- C {n: AN < Ala < A, + 2X)) j cnei(A~--A)” 
= I&-J C {n: - A, < A, < A, + 2X) / c,eicAnpA)“, (4.11) 
’ The proof is adapted from the one given, for instance, in [13, p. 3221. The essential 
point is that C,“,,,, l/h,2 = O(l/h~), and this is secured by the condition on the As. 
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since c, = o(1) and the set {n: AN < A, < A, + 2h) does not contain more than 
(2X + l)k members. 
The set of positive real numbers of the form i A, - h / (n = 0, &l, &2,...) 
can be written {pl , ps ,...} with 0 < p1 < pLz < * * a. If I is an interval of length 1, 
then I cannot contain more than 2k + 1 nonnegative numbers of the form 
A, .- j4 and not more than 2k + 1 of the form h - A, . Hence I cannot contain 
more than 4k f 2 numbers pn . Thus the numbers pLn satisfy the same type of 
condition as the A, . 
Let p0 = 0, pen = --pn (n = I,2 ,...) and, for n = 0, &l, &2 ,..., put 
d,,, = c, if /An = A, - x (m = 0, ztl, SL.), 
(4.12) 
=0 if PLn f L - A (m = 0, Al, +2 )... ). 
Thus, by (4.1 l), 
f(x) eeiA” = 2% C {n: 1 pn / < A, + A} / dneiunz 
= d,, + 2 (dneiunx + dpnepiunx) 
?%=l 
(4.13) 
for all x. From the first part, f(x)e-iA2 is therefore SCP integrable. By proving 
that the series 
il (dneiPnx - d-,e-iun5)/p,, (4.14) 
converges in B we shall show that B is a basis of f(x) e-iAz. 
Suppose that p-LN > 2h. Then 
= C {m: 0 < [ A, - h j < pN} / c,ei(A~-h)z/(Xm - A) 
= (CC m: 1 A, / < pN - A> hm # h) 
say. Clearly RN -+ 0 as N -+ co, and QN converges if and only if 
PN = 1 {m: X < j A, 1 < pN - A) 1 c,ei(Am-A)r [(Am - A) 
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converges. Moreover 
c ei(A,-A)% i(-A,,-Ah 
PN = 9 ( ;, -A + c-:;, -Tj> m=p 
where h, > h and p, increases to co. Since 
it follows from Abel’s test that PN converges as N ---f CO at any point where the 
series (4.10) converges. Therefore the series (4.14) converges in B. 
It is shown similarly that f(x) e-iAz is (SCP, B) integrable when h < 0. 
We have already noted that the h, satisfy the conditions of Theorem 4.3 and 
that thereforef is SCP a.p.; for the same reason M,(f) exists and is equal to c, . 
Now let X # 0. If the coefficients d, (n = 0, 51, &2,...) are defined by (4.12), 
then the identity (4.13) holds for all x and so 1M2,z{f(x) e-i^z} exists and is equal 
to d,, . For X = /\, (m = 0, -+l, *2 ,... ), do = c,; and when h # X, for any m, 
then do = 0. Thus 
iV&{f(x) e-iA”} = c, when h = h, (m = 0, f 1, f2 ,... ), 
= 0 when h # Am (m = 0, +l, &2 ,... ), 
i.e., (4.3) is the (ordinary) Fourier series ofj 
In this section no conditions have been imposed on the coefficients c, of the 
trigonometric series under consideration. Variants of Theorems 4.2-4.4 could, 
of course, be obtained by balancing restrictions on the coefficients against 
restrictions on the exponents. 
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